Abstract. We give sufficient conditions for a satellite knot to admit an L-space surgery, and use this result to give new infinite families of patterns which produce satellite L-space knots.
Introduction
An L-space is a rational homology sphere with the simplest possible Heegaard Floer homology, i.e., rk HF (Y ) = |H 1 (Y ; Z)|. An L-space knot is a knot K ⊂ S 3 which admits a positive L-space surgery. Since lens spaces are L-spaces, any knot admitting a positive lens space surgery is an L-space knot. However, there are many L-space knots which do not admit lens space surgeries, e.g., [BM14, Proposition 23] .
Satellite L-space knots were first studied by Hedden in [Hed09] . Let K p,q denote the (p, q)-cable of K, where p denotes the longitudinal winding. Without loss of generality, we assume p > 1. Hedden proved that if K is an L-space knot and q > p(2g(K) − 1), then K p,q is an L-space knot; the author proved the converse in [Hom11] .
The author, Lidman, and Vafaee consider a broader class of patterns in [HLV14] , namely BergeGabai knots, that is, knots P ⊂ D 2 × S 1 which admit solid torus surgeries. They prove that a satellite knot with a Berge-Gabai pattern is an L-space knot if and only if the companion K is an L-space knot and the Berge-Gabai knot is sufficiently twisted relative to the genus of K.
Our main result is a set of sufficient conditions for a satellite knot to be an L-space knot. Let P (K, n) be the n-twisted satellite with pattern P ⊂ D 2 × S 1 and companion K; that is, we obtain P (K, n) by taking the union of D 2 × S 1 and the complement of K, identifying ∂D 2 × {pt} with a meridian of K and {pt} × S 1 with an n-framed longitude. (Throughout, we assume that K is non-trivial and that P is not contained in a 3-ball in D 2 × S 1 .) At times, we will write P (K) to denote P (K, 0). Let U denote the unknot and w(P ) the winding number of P . We say K is a negative L-space knot if K admits a negative L-space surgery, or equivalently if −K is an L-space knot.
Theorem 1.1. The satellite knot P (K) is an L-space knot if the following conditions are satisfied:
(1) the knot K is an L-space knot, (2) w(P ) ≥ 2 and there exists a meridional disk D ⊂ D 2 × S 1 which intersects P in exactly w(P ) points, (3) the knot P (U, −2g) is an L-space knot, where g is the genus of K, (4) the knot P (U, −n) is a negative L-space knot for all sufficiently large integers n. Below are several infinite families of patterns P satisfying the last three conditions of Theorem 1.1.
The author was partially supported by NSF grants DMS-1128155, DMS-1307879, and a Sloan Research Fellowship. Example 1.3. Sufficiently twisted torus knots, with their standard embedding into D 2 × S 1 , satisfy conditions (2)-(4). Thus, Theorem 1.1 implies that if K is an L-space knot and q ≥ 2pg(K) − 1, then K p,q is an L-space knot. Indeed, if P is the (p, q)-torus knot in D 2 × S 1 (where, as above, p indicates the longitudinal winding), then P (U, −2g(K)) is the (p, q − 2pg(K))-torus knot, which is an L-space knot exactly when q − 2pg(K) ≥ −1. By [Hed09, Theorem 1.10] and [Hom11] , we have that K p,q is an L-space knot if and only if K is an L-space knot and q > p(2g(K) − 1). In particular, this shows that Theorem 1.1 does not give necessary conditions for a satellite to be an L-space knot. Example 1.4. A knot P in D 2 × S 1 is an n-bridge braid if it can be isotoped to be a braid in D 2 × S 1 which lies in ∂D 2 × S 1 except for n bridges. By [GLV16] , we have that if P is a 1-bridge braid in D 2 × S 1 , then P (U ) admits an L-space surgery. Furthermore, the property of being a 1-bridge braid is preserved under adding (positive or negative) full twists to P . It is straightforward to verify that a 1-bridge braid is either a positive or negative braid, e.g., by considering the classification of 1-bridge braids in [Gab90, Section 2]. If a 1-bridge braid P is a positive braid, then P (U ) is a L-space knot; if P is a negative braid, then P (U ) is a negative L-space knot. Thus, sufficiently positively twisted 1-bridge braids satisfy conditions (2)-(4) in Theorem 1.1.
Note that by [Ber91, Theorem 2.6], the set of Berge-Gabai knots forms a proper subset of the set of 1-bridge braids in D 2 × S 1 , and there are infinitely many 1-bridge braids with are not BergeGabai knots. In particular, sufficiently positive 1-bridge braid patterns give a new infinite family of satellite L-space knot patterns.
Example 1.5. For sufficiently large n, the knots In light of Example 1.3, we ask the following natural question: Question 1.7. Can the conditions on P in Theorem 1.1 be relaxed to give necessary and sufficient conditions for P (K) to be an L-space knot?
Regarding necessary conditions for P (K) to be an L-space knot, note that by [OS05] and [Ni07] , L-space knots are fibered, and by [HMS08] , if P (K) is fibered, then both K and P (U ) are fibered and the winding number of P is nonzero. Hence if P (K) is an L-space knot, then both K and P (U ) are fibered and w(P ) = 0. See Section 3 for further remarks related to necessary conditions for P (K) to be an L-space knot.
We also consider the following question:
. Do conditions (2)-(4) in Theorem 1.1 imply that P is a braid? A strongly quasipositive braid? A positive braid?
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Proof of Theorem
We prove Theorem 1.1 using work of Hanselman, J. Rasmussen, S. Rasmussen, and Watson. Let M be a compact, connected, oriented 3-manifold with torus boundary, and let M (α) denote the result of Dehn filling M along a slope of α ⊂ ∂M , where α represents a primitive class in H 1 (∂M ; Z)/ ± 1. If we fix a basis for H 1 (∂M ; Z), we may identify the set of slopes with
We will be particularly interested in its interior, L • (M ), the set of strict L-space slopes.
Theorem 2.1 ([HRRW15, Theorem 4]). Let M 1 and M 2 be compact, connected, oriented 3-manifolds with torus boundary, and suppose that
We also recall the following proposition of Ozsváth-Szabó:
In other words, if K is an L-space knot and
where we use the usual identification of slopes on the knot complement with
In what follows, we shift our perspective, and rather than view P as a knot in D 2 × S 1 , we instead consider a link P ∪ J ⊂ S 3 where J is unknotted. To obtain a knot in the solid torus, we consider P ⊂ S 3 \ N (J). See Figure 1 . We writeP to denote the image of P in surgery along J, and similarlyJ for the image of J in surgery along P . Let S 3 r,s (P ∪ J) denote the result of r-surgery along P and s-surgery along J. P J Figure 1 . The link P ∪ J.
J bounds a disk D ⊂ S 3 which intersects P in exactly w points. If there exist positive integers a, b, and r such that (4) r ≥ 2g(P ) + aw(2w
, where M r = S 3 r (P ) \ N (J ). Remark 2.5. In the above lemma, we identify slopes on M r , the complement ofJ, with Q ∪ { 1 0 } such that filling M r along slope s yields S 3 r,s (P ∪ J). Proof. We will show that if the hypotheses of the lemma are satisfied, then
• S 3 r,w 2 /r (P ∪ J) is not an L-space, • S 3 r,1/a (P ∪ J) and S 3 r,1/b (P ∪ J) are L-spaces. We now show that the two bullet points above imply the lemma. Note that
since w ≥ 2 and a is a positive integer. In particular, r > 4. We also have that
, where the last inequality follows from the fact that r > 4 and w ≥ 2. Thus, we have shown that 0 < a < r w 2 < b, i.e., 
Since | lk(P, J)| = w, we have that H 1 (S 3 r,w 2 /r (P ∪ J); Z) ∼ = Z, and hence S 3 r,w 2 /r (P ∪ J) is not an L-space.
Next, we show that
See Figure 2 . SinceP a ⊂ S 3 1/a (J) ∼ = S 3 is an L-space knot, it follows that S 3 r,1/a (P ∪ J) is an L-space if r − aw 2 ≥ 2g(P a ) − 1. We have that
since adding a (positive or negative) full twist to P increases the genus by at most
by (2) and (3), andP a is obtained from P by a negative full twists. Hence,
where the second inequality follows from (4). Hence S 3 r,1/a (P ∪ J) is an L-space. Similarly, we show that S 3 r,1/b (P ∪ J) is an L-space. Note that
and so
where the second inequality follows from (5). Hence S 3 r,1/b (P ∪ J) is an L-space, completing the proof of the lemma.
Proof of Theorem 1.1.
Let P ⊂ D 2 × S 1 be a pattern satisfying the hypotheses of the theorem, and let L = P ∪ J be the associated link. Let a = 2g(K), and choose r and b sufficiently large so that they satisfy (4) and (5) in Lemma 2.4. Then Lemma 2.4 implies that
We consider the closed manifold obtained by gluing M r and M K via h : ∂M r → ∂M K which identifies the meridian of J with the 0-framed longitude of K and the 0-framed longitude of J with the meridian of K.
. Note that given a curve of slope p q on ∂M r , the corresponding slope on ∂M K is h(
is an L-space, i.e., P (K) is an L-space knot, as desired.
Remark 2.6. It follows from (2.1) that for a pattern P satisfying conditions (2)-(4) in Theorem 1.1, the knot P (U, n) is an L-space knot for all n ≥ −2g(K). Indeed, the knot P (U, n) is isotopic toP −n ⊂ S 3 1/−n (J) ∼ = S 3 , and S 3 r,1/−n (P ∪ J) ∼ = S 3 r+nw 2 (P (U, n)), which is an L-space whenever
−n ∈ L(M r ) and r + nw 2 is positive; these conditions are satisfied when n ≥ −2g(K).
Further Remarks
Note that in the proof of Theorem 1.1, we found that
The fact that the conditions in Theorem 1.1 are not necessary conditions for P (K) to be an L-space knot is likely due to the overlap between
Regarding necessary conditions for P (K) to be an L-space knot, the author, Lidman, and Vafaee 
Proposition 3.3. Suppose Conjecture 3.2 is true. Let P (K) be an L-space knot. Then P (U ) and K are L-space knots. Furthermore, P (U, n) is an L-space knot for all n ≥ −2g(K) + 1, and P (U, −N ) is a negative L-space knot for all sufficiently large N .
Proof. Throughout this proof, we assume that Conjecture 3.2 is true and that P (K) is an L-space knot.
As above, rather than P ⊂ D 2 × S 1 , we consider the link P ∪ J ⊂ S 3 where J is unknotted. Then P (K) is the image of P in S 3 \ N (J) ∪ h S 3 \ N (K), where h identifies the longitude (respectively meridian) of J with the meridian (respectively longitude) of K. As above, let M K = S 3 \ N (K) and M r = S 3 r (P ) \ N (J ). We identify slopes on ∂M r with Q ∪ { 1 0 } so that filling M r along slope s yields S 3 r,s (P ∪ J), as in Remark 2.5. Since K is assumed to be nontrivial, M K is boundary incompressible. Scharlemann [Sch90] (extending work of Gabai [Gab90] ; see [BM15, Section 4.1] for a summary of the results) shows that M r is either
(1) a solid torus (and so P is a 0-or 1-bridge braid in the solid torus), (2) homeomorphic to W #L(p, q), and P is a (p, q)-cable knot and r is the cabling slope, (3) irreducible and boundary irreducible. In case (1), the resulting satellite knots are either cables or Berge-Gabai satellite knots, and the proposition follows from [Hed09, Hom11] and [HLV14] respectively. In what follows, we will consider M r for sufficiently large r, which, if we are in case (2), can be taken to be larger than the cabling slope. In particular, we may assume that M r is boundary incompressible.
Since S 3 0 (K) is not an L-space for any K, we have that 0 / ∈ L • (M K ). By Conjecture 3.2, it follows that for sufficiently large r, the slope h −1 (0) = ∞ ∈ L • (M r ). Hence S 3 r,∞ (P ∪ J) = S 3 r (P (U )) is an L-space and so P (U ) is an L-space knot.
If K is neither an L-space knot nor a negative L-space knot, then L • (M K ) is empty. By Theorem 2.2, the set L • (M ) can never be all of QP 1 , so if P (K) is an L-space knot, then either K or −K must be an L-space knot. Since L-space knots are strongly quasipositive [Hed10] and fibered, and the fiber surface for P (K) is obtained by taking w(P ) parallel copies of the fiber surface for K together with the fiber surface for P in the solid torus, it follows that K (and not −K) must be an L-space knot.
For an L-space knot K, we have that L • (M K ) = (2g(K) − 1, ∞). Fix r sufficiently large. By Conjecture 3.2, it follows that
is contained in L • (M r ), i.e., there exists ε > 0 such that S 3 r,s (P ∪ J) is an L-space for all s ∈ [−∞, ε] ∪ [ 1 2g(K)−1 − ε, ∞]. We proceed as in Lemma 2.4, and considerP a ⊂ S 3 1/a (J), the image of P in 1 a surgery along J, for a ∈ Z. Note that S 3 1/a (J) ∼ = S 3 andP a is isotopic to P (U, −a). We have that S r−aw 2 (P a ) must be an L-space. Equivalently, for a ≤ 2g(K) − 1 or a ≥ 1 ε , the manifold S 3 r−aw 2 (P (U, −a)) is an L-space. In the former case, for r sufficiently large, r − aw 2 is positive, and so P (U, −a) is an L-space knot. In the latter case, if a ≥ r w 2 , then r − aw 2 is negative, and so P (U, −a) is a negative L-space knot.
